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1. INTRODUCTION AND TOPOLOGICAL BACKGROUND MATERIAL 
LET G be a finite group. Two representations A and B of G are called Smith equivalent if G 
acts smoothly on a closed homotopy sphere with exactly two fixed points, and the tangent 
representations at these fixed points are A and B. The purpose of this note is to exhibit small 
odd order cyclic groups which have nonisomorphic Smith equivalent representations. Our 
starting point is a list of conditions, [7, 1.1 p. 2841 in a paper by T. Petrie and the first named 
author. We review these conditions below. A main result is [7, Theorem B]: 
THEOREM. Suppose G = 27, is an odd order cyclic group where m has at least 3 prime 
divisors. Let V and W be real representations of G which satisfy 1.1. There exists an 1 > 0 and 
a representation U of G such that 1 V @ U and 1 W @ U are Smith equivalent. 
In the same reference [7, Theorem C] it was also shown that there exist odd order cyclic 
groups which have nonisomorphic representations V and W satisfying 1.1 (this is the 
interesting case). Observe that 1 V @ U and 1 W @ U are nonisomorphic if V and Ware. The 
groups exhibited in that paper were very large. As J. Ewing computed, their order was at 
least 1028’2917 and they had hundreds of thousands of prime divisors. Here we show that 
the order of such groups need not be large, and there are infinitely many such groups whose 
order has only four prime divisors. One conclusion of our number theoretic considerations 
is 
THEOREM A. Let m = p1 . . . pk be a square free odd integer such that p1 is congruent to 5 
module 8, the Legendre symbols (pj/pl) are 1 for j 2 2, and k 2 4. Then the group E, has 
nonisomorphic representations which satisfy 1.1. So, it admits nonisomorphic Smith equivalent 
representations. 
Remark to Theorem A. Given p,, infinitely many primes are a quadratic residue modulo 
pl. Two examples for m which satisfy the assumptions of the theorem are m = 5.11.19.29 
for p1 = 5 and m = 3.13.17.23 for p1 = 13. If k 2 5 it suffices to assume that (p2/pI) = 
(ps/pl) = 1. This follows from Theorem B. The question of the existence of Smith equivalent 
representations was raised by P. A. Smith in [ 16, p. 4061. Atiyah-Bott [l], Milnor [9], 
Bredon [2], and Sanchez [19] gave conditions assuring that Smith equivalent representa- 
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tions must be isomorphic. Two such conditions, which are of interest to us here, are: 
(i) G is of odd prime power order [l] 
(ii) G = Z,,, where p and q are odd primes [19]. 
Ted Petrie [l 1, 131 was the first one to show that there are nonisomorphic Smith 
equivalent representations. Other papers with the same conclusion, but for different ypes of 
groups, have been written by Cappell-Shaneson [S], Petrie [12], Dovermann [6], Siegel 
[ 173, Dovermann-Petrie [7], Cho [3], and Suh [ 183. The topic is also surveyed in [8, 10, 51, 
and Petrie-Randell Cl43 wrote a book about it. 
Petrie proposed [l l] to study in general which groups have nonisomorphic Smith 
equivalent representations. Two large classes of such groups are known: 
(i) odd order abelian groups with at least three noncyclic Sylow subgroups (a slight 
improvement of [ 11, 131) 
(ii) groups of the form i&,, m > 1 [4]. 
Our Theorem A provides a third class of such groups. For odd order cyclic groups we 
have the result of Atiyah-Bott and Sanchez for Z, where m = pk or m = p. q. On the other 
side, if m has many prime divisors the converse holds according to [7]. So, our Theorem A 
(almost) closes this gap. For odd order cyclic groups Z, the remaining open cases are 
groups for which m is the product of three (not necessarily different) primes. 
We review Condition 1.1. from [7]. From now on, for the rest of this paper, G = Z, 
denotes an odd order cyclic group. We also fix one imbedding of G into S’ c C. So, the 
elements of G are mth roots of unity. We think of representations of G as vectorspaces over 
[w (or C) with a linear action of G. In particular t or r’ is the canonical representation of Z,. 
The underlying vectorspace is @ and g EZ,,, acts through multiplication with g. The 
representations {t“ll I a I m} form a basis of the complex representation ring R(Z,). In t0 
an element acts through (g, z) + glz. 
Let V = f ajtj be a complex representation of G and gE G and element such that the 
j=l 
fixed point set 1” under the action of g is 0. Define the Euler class 
v(V)(g) = jfJ s ( ‘) “E@ - 0. (1.0) 
The assumption v9 = 0 guarantees that the denominator is not zero. Note that v carries 
sums to products; so we can define 
v(V-- W)(g) = v(l%)lv(W)(g) 
for a pair of complex representations whenever v(V)(g) and v(W)(g) are defined. An easy 
computation shows that v(V)(g) = + v( V’)(g) whenever V and v’ are isomorphic as real 
representations. Let U and U’ be real representations of G such that Ug = U’g = 0. We 
write v(U)(g) = + v(U’)(g) or v(U - U’)(g) = _t 1 if U and U’ are realifications of complex 
representations V and V’ such that v(V)(g) = + v( V’)(g). 
If V is a representation of G, Res, V denotes the restriction of V to an action of P c G. 
We shall use the symbol 9 to denote the set of subgroups of G of prime power order. 
Let V and W be real representations of G. Condition 1.1 in [7] is: 
1.1 (i) v9 = w9 = 0 for each g E G which generates a subgroup of prime power index 
in G. 
(ii) dim VK = dim WK whenever /G/K1 is divisible by at most 3 distinct primes. 
CYCLOTOMIC UNITS AND SMITH EQUIVALENCE 83 
(iii) Res, V and Res, W are isomorphic representations of P for all P E 9. 
(iv) V( VP - Wp)(g) = + 1 whenever PEG’ and gE G generates a subgroup of prime 
power index in G. 
Our next theorem proves Theorem A. In fact. it is more explicit than Theorem A as we 
specify the representations whose existence we claimed there. Let pl, . , pt be distinct odd 
primes, where p1 3 S(modulo 8) and (pJp,) = (p3/p1) = 1. Let fi be a nonempty product 
of elements of {p4, . , pk). Suppose Ci is a square module pl. As in Theorem A, 
set m = pl. . . . ‘pk. Set 
1 <j<ml(j,m)=l and (1.2) 
.l <j<ml(j,m)= 1 and 
Sometimes we will consider the elements in R’ as elements of Z!;. 
V = 1 tS + 1 tms and W = c tS + c tms 
SE0 + seR ssn - ssn + 
THEOREM B. The representations V and W of a,,, satisfy 1.1, and they are not isomorphic. 
in particular, there exists an 1 > 0 and a representation U of Z, such that 1 V @ U and 1 W @ Cl 
are Smith equivalent. 
In the next section we discuss the relevant number theory. In Section 3 we prove this 
theorem. It is easy to show 1.1 (i), (ii), and (iii). Part (iv) is based on the study of relations 
among cylotomic units. One such relation, although not strong enough to be used in 
Theorem B, was pointed out to us by I. Madsen. It was the starting point of the study. We 
thank him for sharing that insight with us. In [7], T. Petrie and the first named author used 
a rank estimate for certain groups of units to find groups Z, with have representations as in 
Theorem B, i.e., they are nonisomorphic and they satisfy 1.1. The improvement over the 
number theoretical discussion in [7] lies in the use of the internal structure of the groups of 
cyclotomic units. The result is the reduction in the order of the group E,, which resulted in 
an almost necessary condition. The results of this paper were obtained as an interplay 
between general thought and computer checks based on educated guesses. 
2. RELATIONS AMONG CYCLOTOMIC UNITS 
NOTATION. 
N = odd, composite, and square-free 
II is an integer dividing N 
t = the number of prime factors of n 
Y bN = eznilN 
S = {~E(Z/NZ)” 1~ is a square mod n) 
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For a positive odd square free integer d, define 
h, = 
Ed = 
L7* = 
6, = 
h(Q(Jh) ifd= lmod4 
h@(G)) ifdz3mod4 
(h = class number) 
i 
fundamental unit for a(,,/?) if d = 1 mod 4 
-1 if dE3mod4 and d # 3 
e2ni/6 if d = 3 
1 0 1 ifdzlmod4 -3  
n (1 - (p/d)) (Note: 6, = 0) 
PIN 
(u/d) = Jacobi symbol (= 0 if (a, d) # 1). 
THEOREM C. Let (a, N) = 1. Then 
Remark. The exponent of ed is not necessarily integral. Suppose d has g prime factors 
and N/n hasfprime factors. Since 1 - (p/d) = 0 or 2 if p$d, if follows that 6, = 0 or 6, = 
2* + ‘-g. Therefore 2ad-‘6d = 2adeg+r. Genus theory implies that 2g- ’ -“‘I h,, so if n # N the 
exponent is integral. Now suppose n = N. Then the exponent is potentially in +Z. In this 
case, the factor for d should be taken to be real positive if d z 1 mod4, and to have 
argument --x2-‘h,6,(a/d) when d = 3 mod 4 (if d = 3, divide this expression by 3). For 
example, let n= N = 91, a = 1. Then 6, = 6,, = 2,6,, = 1, h, = h,, = 1, h,, = 2, E, = Egl 
= - 1, &,a = (3 + fi)/Z. We obtain 
g,” - Gl) = (-I)- ‘,2(3+2fi)(_l)-l/2z -3+p. 
Note also that if d = 1 mod 4 and .sd has norm - 1 then genus theory implies that 2”-’ Jh,, 
so the exponent of cd is integral. In the other case, namely Norm@,,) = + 1, the exponent 
could be half-integral, but this is also the case when & generates an abelian extension of 
Q, hence lies in a cyclotomic field. Before proving Theorem C, we derive some corollaries. 
COROLLARY 2.1. Supposefor each din there exists pI( N/d) with (p/d) = + 1. Thenjor nil a 
prime to N 
n(l -i”N”) = 1. 
SE.7 
Proof: The assumption implies 6, = 0 for all d. 
Example. n=$N=5.3.13.19.Thend= lor5and(y)=(y)= +l.So(witha= 1) 
we get 
,sfi, (1 -&)= 1. 
(s. N,= 1 
s,ilmod5 
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COROLLARY 2.2. Let n = N. Assume that for each din, d # n, there is a prime p(n with 
(p/d) = + 1. Then 
p-G?= 
Proof: The assumption implies 6, = 0 for all din, d # n. The case n E 1 mod 4 now 
follows immediately from Theorem C. If n E 3 mod 4, then -2-‘h,(a/n) must be integral, 
since i # Q(cN). Therefore - 2-‘h,(a/n) = 2-‘h,(mod 2), so -(a/n) may be removed from the 
exponent. 
Remarks. It is easy to construct n as above. For example, choose primes pi E 1 (mod 4), 
1 I i I t - 1, and an odd prime p, such that (pi/pj) = 1 for i #j. Clearly n satisfies 
assumption of the corollary, and n(mod 4) is determined by the choice of p,(mod 4). 
When n = l(mod 4), the equation 
the 
(1 - #b/“) = E, 2hn 
(b,n)=l 
is well-known and can be considered as giving a solution of Pell’s equation. The above 
corollary, although not giving an expression for E, does lower the exponent by a factor 2-l 
by removing (slightly more than) the genus theory contribution (we thank D. Zagier for this 
remark). 
For a general discussion of when the class group of Q(G) has an invariant divisible 
by 4, hence 2”-‘lh,, see [15]. 
Proof of Theorem C. Let a,, . . . , a, be representatives for (Z/Nh)” mod S, where 
r = 2’. Let 
Since N is composite, 1 - iN is a unit, so II, . . ll, = 1. Therefore X log Iii = 0. Now let din, 
d # 1. By lemma 12.16 (or Lemma 8.7) of [20], 
If d z 3 mod 4, we have [(d - a)/d] = - (a/d), while the log term remains unchanged under 
a + d - a. Therefore the sum vanishes. If d = 1 mod 4, the analytic class number formula 
yields -26,h,logle,I. Since 1~~1 = 1 if d = 3 mod 4, this is also the value in this case. We 
therefore have a system of equations 
iii ($)logn = -26,h,log/&,I, for all din. 
The inverse of the matrix ai 
K )I 1 7 d.i is - times its transpose because r 
&($)(?)=a[1 +(~)]=lYSij. 
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It remains to evaluate the arguments. Since 
1 - &, = - 2i[i2 sin z ( 1 
and sin (rru/N) > 0 for 0 < a < N, we have 
arg(1 - 5”) = 7 - f. 
Let {x} denote the fractional part of x. Then 
Let d/n. Then 
If d - 1 (mod 4) this equals 0 because (u/d) is even and {u/.V ) - l/2 odd under a + N - a. If 
d - 3(mod 4) they by Lemma 12.16 of [20] it equals llcS,B,, (,/d), where 
is the generalized Bernoulli number attached to (,,‘d). whose value is well-known to be 
-pdhd with pd = 1 for d > 3, ,u~ = 4. This formula remains true for all d if we set pd = 0 
when d 3 1 (mod 4). Now the same inversion argument as used for the lTi gives 
3. PROOF OF THEOREM B 
Proofof Theonzm B. We show that V # W by showing that for H = i&, c h, the fixed 
sets VH and W” are different Z, representations. By definition 
VH = 1 tms and WH = 1 tms. 
scn + ssn + 
Due to our choice of pl, the sets R’ and R- are both invariant under the assignment 
j -+ m -j, and they are disjoint. Remember that ti = tj’ as real representations if and 
only ifj z +_j’ mod m. So V” # WH. For this argument we needed that (- l/p,) = 1. This 
is equivalent to p1 = 1 (mod 4). 
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Next we show that Vand W satisfy 1.1(i) and (ii). In fact, we know that dim VK = dim WK 
for any K c G. Indeed, IR+ 1 = 151- 1 in 1.2, and for K = Z, we immediately see 
I 
2(10+1-t In-i) if k = 1 
dim VK = dim WK = 21R+ I if k # 1 and klti 
0 if k,+m 
Conditions 1.1(i) and (ii) are then trivially satisfied. 
Next, we oerifv l.l(iii)for V and W. Let n’(p) consist of the values of 0’ reduced 
modulo p, where pis either 1 or a prime divisor of m. The same element may appear several 
times in R*(p). As representation of Z, we have 
ResHpV = c tS + c tms 
see+ (P) SEo- (P) 
ResZ, W = c tS + c tms. 
ssrl- (P) Sd2‘(P) 
Ifp=10rpc{p2,..., pk}, one checks easily that R’ (p) = R-(p). So, l.l(iii) follows for 
such p’s We check this condition for p = p,. In this case fi is a square modulo p1 and 
multiplication with fi (reduce again mod pi) induces bijective self maps of Q’(p) and of 
R- (p). Hence 
rs&p, tS = &,, irns and Et&P, fS = J,,, + 
It follows trivially that, restricted to Zp,, the representations V and Ware isomorphic. 
So l.l(iii) is also shown for p = pl. That means l.l(iii) holds. 
It remains to show that V and W sari@ l.l(iv); this is the part that uses the results of 
Section 2. 
Let P be a subgroup of order 1, where 1 is either 1 or a prime. Let YE G generate a 
subgroup of index q is either 1 or prime. Obviously 
V if/=1 
VP = 1 tms if (I, fi) # 1 
ssn - 
b otherwise 
U’ if/=1 
Wp = C tms if (I, fi) # 1 
SE:R +
(0 otherwise 
For these representations l.l(iv) is 
or 
depending on 1 = 1 or (I, 6) # 1. Otherwise the condition is empty. 
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Multiplication with 2 defines bijections: Q+ + R- and R- --) R+, since p1 E S(mod 8) 
implies (2/p,) = - 1. In addition note that 
(1 + g’)/(l - g’) = (1 - gZ’)/(l - g’)Z. 
The equations in 3.1 can be rewritten as 
JJ+ (1 - !e ,g+ (1 - gms)3 = I!I ,g+ (1 - s”13 ,B (1 - g2mS)3 
or 
(3.2) 
j-J+ (1 - g”)3 = f n (1 - g2GS)J 
ssfl + 
depending whether I= 1 or (1, 6) # 1. 
We consider several cases. 
Case 1. Let q = p1 and I= 1. We have to check the first equation in 3.2. Set N = m/q. As 
s varies overall values in R+ it assumes each value in Z,” exactly (q - 1)/2 times. This is an 
immediate conclusion of the observations 
(B) an element s of Zz lies in R+ if and only if (s/q) = 1 
(y) the number of square residues in Z: is (q - 1)/2. 
Also, as s varies over all values in R+ 2s assumes each value in Z,X exactly (q - I)/2 times. As 
g is a primitive N-th root of unity we conclude 
Jj+ (1 - sS) = JJ (1 - s2”). 
se0 + 
Set M = m/%q. As s varies over all values in R+ both s and 2s assume each value in Zh 
exactly @((mq)/2 times. Now gm is a primitive M-th root of unity and 
In* (1 - s”7 = ,;+ (1 - s2% 
These two equations imply I.l(iv) for q = p1 and 1 = 1. 
Case 2. Let q = p1 and I # 1. Then VP = Wp = 0 and l.l(iv) holds trivially. 
Case 3. Let q # pl. We shall show that each of the products (II) in 3.2 is 1. Set: 
(c() k = 1 or KI 
(/?) a = 1 or 2 
(y) b = I.c.m.(k, q) 
(6) N = m/b 
(4 n=Pl 
(0 s = {XEG I x is a square mod n}. 
(q) gk = h, this is a primitive N-th root of unity. 
Consider the projection map (reduction modulo N) R+ + S. Here Q+ = {XE Z: z 
Z,” x Zl Ix is a square mod n}. The projection is Q(b) to 1 because n[N, and 
.g+ (1 - P) = n(l - P)*(b). 
SSS 
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We apply Corollary 2.1 with the notation from above. Observe that the only possible values 
ford are p, and 1. Observe that p = pz or p = p3 divides (N/d). By assumption p is a square 
modulo d. Finally a is prime to N. So 2.1 implies 
l-$1 - P) = 1. 
This is a typical product as it appears in 3.2. So 3.2 holds. But the equations in 3.2 are a 
reformulation of 1 .l(iv) for the representations V and W assuming that (2/p, ) = - 1. Thus V 
and W satisfy l.l(iv), and the proof of Theorem B is complete. 
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